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1 Introduction
Recently, it was discovered that four-dimensional N = 2 superconformal eld theories
(SCFT) have protected subsectors described by two-dimensional chiral algebras or vertex
operator algebras (VOAs) [1]. This relation denes a map (or functor) from the set of
four-dimensional N = 2 superconformal eld theories to the set of two-dimensional chiral
algebras, or more precisely the Vertex Operator Algebras (VOA),
 : f4d N = 2 SCFTg= (marginal deformations)! f2d chiral algebra (VOA)g : (1.1)
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Under this map, various observables of the four-dimensional theory, which are invariant
under exactly marginal deformations, are mapped to quantities in the two-dimensional
chiral algebra [2{4]. Aspects of chiral algebras arising from four-dimensional N = 2 su-
perconformal eld theories have been discussed in [5{16]. In the following we give a list of
observables, which are captured by the protected two-dimensional chiral algebra:
4d N = 2 SCFT 2d chiral algebra
superconformal symmetry Virasoro symmetry
SU(2)R current stress tensor
conformal anomaly c4d central charge c2d =  12c4d
global symmetry g ane symmetry g^k2d
moment map operator conserved current
avor central charge k4d level k2d =  12k4d
Schur index vacuum character
Higgs branch associated variety
Surface defect non-vacuum module
Macdonald index `rened' vacuum character
lens space index \twisted character"
The purpose of the current paper is to add the last line to this already rather extensive
dictionary.
The superconformal index of an N = 2 SCFT admits various simplifying limits [17,
18]. The \Schur limit" of the superconformal index is of particular interest in the four-
dimensional N = 2 SCFT/two-dimensional chiral algebra correspondence, since it precisely
matches to the vacuum character of the chiral algebra. The \Macdonald limit" of the index
counts the same set of 14 -BPS operators as the Schur index. However, it has one more
variable and therefore carries more rened information than the Schur index. A way to
compute the Macdonald limit of the index from the chiral algebra has been proposed in [2].
It is interesting because the supercharge used to dene the cohomological construction of
the chiral algebra is not compatible with the extra grading needed to dene the Macdonald
index. Nevertheless it was possible (at least for simple cases) to dene a graded vector space
associated to the chiral algebra capturing the Macdonald index, thanks to a ltration
structure in the vacuum module for the chiral algebra (or VOA) [19, 20].
The goal of the current paper is to identify a two-dimensional quantity that captures
the lens space index [21], or | equivalently | the supersymmetric partition function on
S1S3=Zr. We give a denition and detailed review of the lens space index in appendix A.
One rst important feature of the lens index is that one can turn on discrete holonomy
for background gauge elds of the avor symmetry, which will partially break the avor
symmetry group. Thus the lens index is parametrized by such a choice of holonomy,
which we shall collectively denote as m. Upon gauging the avor symmetry group, we are
supposed to sum over all possible choices of the discrete holonomy. Another important
feature of the lens index is that there are zero-point energy contributions to each matter
multiplet. As we shall see, we will have to rst strip o the overall zero-point energy
contribution, in order to properly take the Macdonald limit of the lens index.
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The orbifold-prescription, which is being imposed at the level of the lens space L(r; 1) =
S3=Zr, can be translated into the two-dimensional chiral algebra by taking a quotient on
the chiral algebra plane C=Zr. Schematically, this will lead to the following condition on
the elds in the chiral algebra


e
2i
r z

= g  (z) ; (1.2)
where g is an element of the symmetry group (or automorphism of the vertex operator
algebra) of the theory, such that gr = 1. This can be thought of as a twisted sector upon
mapping C=Zr ! C, via z 7! zr. This map acts on the Virasoro generators as Ln 7! rLn,
which in turn has the eect of rescaling q ! qr. We will be required to account for that
rescaling when we compute the twisted character of the chiral algebra and match it with
the lens space index.
Similar to the Macdonald limit of the round superconformal index, we observe that
the supercharge
Q = Q1  + ~S _ 2 (1.3)
used to dene the chiral algebra in [1] is not compatible with the Zr action on the chiral
algebra plane. Nevertheless we shall explicitly observe that the lens space index can be
associated with a character of the chiral algebra dened via the supercharge Q.1
Indeed, we nd that the (rened) character of a twisted module V() precisely repro-
duces the lens index in the Macdonald limit:
refV()(a; q; T ) =
8><>:
IMacS3=Zr(a;m 6= 0; q ! q1=r; t! T ) ; ( 6= 0) ;
IMacS3=Zr(a;m = 0; q ! q1=r; t! qT ) ; ( = 0) ;
(1.4)
where the twist parameter  in the chiral algebra depends on the choice of holonomy
m. One immediate point to notice is that one should take two distinct limits of the
four-dimensional lens index to match with the two-dimensional chiral algebra. Similarly,
we observe that the left-hand side of the correspondence is given in terms of the rened
character as dened in [2]. Typically, when we take T ! 1, the rened character becomes
the usual character. However in some cases, the T ! 1 limit (or t = qr limit of the lens
index) diverges, and in these cases, the correspondence works only if we keep the extra
fugacity of the rened character.
The twisted module V() we dene here is quite dierent from what is commonly known
as a twisted modules. Firstly, depending on the twist parameter , the highest-weight state
carries non-zero eigenvalues of the avor current algebra. Secondly, the highest-weight state
can be an eigenstate of the zero modes of the current generator. These features are unusual,
but we verify that these conditions precisely give us the lens index of the four-dimensional
superconformal eld theory in question.
1A similar phenomenon was demonstrated in [22]. There, the line operator Schur index was found to
be written in terms of the characters of the associated chiral algebra even though the BPS line operator is
does not preserve the supercharge Q.
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In this paper, we will mainly focus on the \simplest" four-dimensional N = 2 super-
conformal eld theories, namely free theories and Argyres-Douglas (AD) theories [23{27].
Similarly, the corresponding chiral algebras [9, 11, 15, 28] are rather straightforward to work
with. The (round sphere) superconformal indices for the (generalized) Argyres-Douglas the-
ories have recently been computed using various independent methods. We will explicitly
employ the recently found four-dimensional N = 1 Lagrangians, which were shown to ow
to Argyres-Douglas theory in [29{33], to compute the lens index of such N = 2 theories.
In particular, using such N = 1 Lagrangians to compute the round Schur or Macdonald
indices were explicitly shown to agree with other methods, such as employing topological
eld theory arguments [14, 34{38], or BPS monodromies [3, 22, 28, 39, 40].
This paper is organized as follows. In section 2, we explicitly work out the correspon-
dence between the lens index and two-dimensional chiral algebra twisted characters for
free four-dimensional N = 2 superconformal eld theories. In section 3, we dene and
compute the lens index for four-dimensional Argyres-Douglas theories using the N = 1 La-
grangians introduced in [29{31]. In section 4, we work out the twisted characters for some
examples of ane Kac-Moody algebras, and their precise relation to lens indices arising
from the corresponding four-dimensional Argyres-Douglas theories. Finally in section 5,
we conclude by discussing our results and mentioning a few interesting future directions.
In appendix A, we review the denition of the lens index in detail.
2 Twisted chiral algebras for free theories
In this section we identify the chiral algebra corresponding to the lens index of free four-
dimensional N = 2 superconformal eld theories. We start by treating the     system,
which corresponds to a free four-dimensional N = 2 hypermultiplet, and then discuss the
(b; c) ghost system, corresponding to a free four-dimensional N = 2 vector multiplet.
2.1 The twisted     system and the free hypermultiplet
The chiral algebra for the free N = 2 hypermultiplet is given by the system of symplectic
bosons or equivalently a     system with (h ; h) = (12 ; 12). Aspects of this theory are
discussed in detail, for example in [41, 42]. Let us rst write down some generalities about
the chiral algebra corresponding to the free hypermultiplet:
 The chiral algebra is generated by two elds: (z) and (z).
 The OPE between the elds  and  are given as:
 (z)  (0) =   (z) (0)  1
z
: (2.1)
 The stress-energy tensor reads
T =
1
2
(: @ :   : @ :) ; (2.2)
where :: denotes the usual normal ordering. It follows that the theory has c =  1
and both  and  have weight 12 .
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 There is are su(2) currents generated by 2; , and 2. They generate the ane
Kac-Moody algebra bsu(2)  1
2
.
 The vacuum character of this chiral algebra is simply given by
V(a; q) = TrVqL0aJ3 =
1
(q
1
2a; q)(q
1
2a 1; q)
; (2.3)
where (x; q) =
Q1
i=0(1   xqi) is the q-Pochammer symbol. This is identical to the
Schur index of a free N = 2 hypermultiplet in four dimensions.
Let us now consider a twisted module for the   system. We introduce the following
twisted boundary conditions for the elds
(e2iz) = e 2i(z) ; (e2iz) = e2i(z) ; (2.4)
This will not change the boundary condition for the stress-energy tensor nor will it aect
the OPEs of the     system, however it will break the su(2) symmetry down to u(1).
Given the above \twisting action", we may write down the mode expansions of the
elds as follows (the subscript for each modes is chosen in such a way that it is identical
to the L0 weight)
(z) =
X
n2Z
n++ 1
2
zn++1
=
X
n2Z
n+
zn+
1
2
+
; (z) =
X
n2Z
n + 1
2
zn +1
=
X
n2Z
n 
zn+
1
2
  ; (2.5)
where we dene   + 12 . The modes satises the following algebra
[n++ 1
2
; m + 1
2
] = n+m+1;0 ; (2.6)
or equivalently
[n+; m ] = n+m;0 : (2.7)
We dene the vacuum state as
a j0i = a j0i = 0 ; for a  0 : (2.8)
The character for the twisted vacuum module can be computed by counting the descendant
states. When  6= 0 these are
 1+ ;  2+ ;  3+ ;    ;
  ;  1  ;  2+ ;    :
(2.9)
Therefore we get the following twisted vacuum character for  6= 0
V()(a; q) =
1
(q1 a; q)(qa 1; q)
; (2.10)
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where the rst and second factor comes from the -modes and -modes respectively. The
fugacity a is for the U(1) global symmetry. Without twisting, we set  = 0 or  = 12 . So
we see that the untwisted vacuum character is given by
V(0)(a; q) =
1
(q
1
2a; q)(q
1
2a 1; q)
; (2.11)
The case with  = 0 for the twisted module is special, and the character is given by
(qa; q) 1(q=a; q) 1. But this case is not connected to the lens index as we shall see later.
Therefore, we use the symbol V(0) to denote the case of untwisted module ( = 0), instead
of the case with  = 0.
2.1.1 Rened character
One can also consider the rened character [2] for the twisted     system. Let us
briey review the notion of the rened character. The chiral algebra admits an ltration
V0  V1=2  V1  : : :, given by
Vk = span
(
X
(i1)
 n1   X
(im)
 nm j
i : n1      nm;
mX
j=1
w(X(ij))  k
).
fnull statesg ;
(2.12)
where 
 is the highest-weight state and X
(i)
 n are the generators of the chiral algebra with
the subscript denoting modes in a Laurent expansion. Here w(X) denotes the \weight"
of the generator X, that we assign.2 From this ltration, we can construct an associated
graded vector space, given by
Vgr =
1M
i=0
Vi = V0 
1M
i>0

Vi
Vi  1
2

; (2.13)
with Vi = Vi=Vi 1=2, for i > 0 and V0 = V0. The rened (super-) character is now dened as
refV (q; T ) =
X
i0
TrVi( 1)F qL0T i ; (2.14)
where Ln are the Virasoro generators. When the underlying four-dimensional theory has
a global avor symmetry, the chiral algebra contains global symmetry generators that
commute with the Virasoro algebra. In this case, we write
refV (z; q; T ) =
X
i0
TrVi( 1)F qL0zFT i ; (2.15)
where F denotes the Cartans for the global symmetry. We also use the short-hand notation
zF  Qi zFii . To summarize, the extra fugacity T counts the number of generators that
are acting on a vacuum j
i to create a particular state carrying the quantum numbers
2As of now, it is unknown whether this weight w(X) can be determined purely from the associated chiral
algebra without referring to the four-dimensional N = 2 superconformal eld theory data.
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L0, and F. On top of this, one should take care of null states and the relations among
the generators.
The chiral algebra of the     system is freely generated and there is no null state in
the vacuum module V. By assigning w() = w() = 12 , we obtain
refV()(a; q; T ) =
1
(T
1
2 q1 a; q)(T
1
2 qa 1; q)
(twisted) ; (2.16)
refV(0)(a; q; T ) =
1
(T
1
2 q
1
2a; q)(T
1
2 q
1
2a 1; q)
(untwisted) : (2.17)
Lens index for a free hypermultiplet from the twisted character. The Macdonald
limit of the lens space index (p! 0) for a free (full-)hypermultiplet is given by
IMacH;S3=Zr(a;m; q; t) =
8>>>><>>>>:
1
(t
1
2 qr ma; qr)(t
1
2 qma 1; qr)
; when m 6= 0 ;
1
(t
1
2a; qr)(t
1
2a 1; qr)
; when m = 0 :
(2.18)
Here a denotes the avor fugacity and m denotes the choice of discrete holonomy for the
U(1)  SU(2) avor symmetry. We have removed the zero-point energy contributions,
which becomes zero as we take p! 0. Throughout this paper, the Macdonald limit p! 0
refers to the limit upon removing the overall zero-point energy contribution of the form pq
t

, for some  2 Q.
Let us rst note that the untwisted, rened character for the   system (2.17) agrees
with the Macdonald index (2.18) for m = 0 upon rescaling
q ! q1=r ; and t = qT : (2.19)
When we turn on the discrete holonomy, the index agrees with the rened character upon
rescaling
q ! q1=r ; t = T ; and  = m
r
: (2.20)
The usual (unrened) character can be obtained by taking T ! 1. Notice that the iden-
tications of parameters is dierent for the twisted (m 6= 0) and the untwisted (m = 0)
cases. In later sections, we will demonstrate that this is a general phenomenon.
In summary, we nd that the (rened) twisted vacuum character of the     system
is identical to the Macdonald/Schur limit of the lens space index:
IMacH;S3=Zr(a;m 6= 0; t = qT; q1=r) = refV(mr )[](a;T; q) ; (when m 6= 0) ;
IMacH;S3=Zr(a;m = 0; t = T; q1=r) = refV(0)[](a;T; q) ; (when m = 0) ;
(2.21)
where V()[] is the twisted vacuum module (twisted-VOA) generated by the    ghost
system (or symplectic bosons).
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2.2 The twisted (b; c) ghost system and the free vector multiplet
The chiral algebra of the free vector multiplet is given by the (b; c) ghost system of conformal
weight (hb; hc) = (1; 0). This is \essentially" the fermionic version of the     system
discussed above. The chiral algebra is generated by two elds b(z) and @c(z) that are
fermionic (i.e. anti-commuting) elds. We remove the zero mode of c(z) in order to match
with the free vector multiplet. The OPEs of this system reads
c(z)b(w) = b(z)c(w)  1
z   w +    ; (2.22)
with nonsingular OPEs amongst each other. Dening the mode expansion
c(z) =
X
n2Znf0g
cnz
 n ; b(z) =
X
n2Z
bnz
 n 1 ; (2.23)
the OPE gives the canonical anti-commutation relations among the modes
fcm; bng = m+n;0 : (2.24)
The stress-energy tensor is given as
T (z) =
X
n2Z
Lnz
 n 2 = : @c(z)b(z) : ; (2.25)
with normal ordering such that annihilation modes are to the right (with minus sign when
elds are interchanged). The vacuum state is dened as
cm j0i = bn j0i = 0 ; 8m > 0 ; n  0 : (2.26)
Thus, we easily see that the (rened) vacuum (super-) character is given by
refV(0)(q; T ) = (q; q)(qT ; q) ; (2.27)
where the rst factor comes from the modes of @c(z) and the second factor from the modes
of b(z). To get the rened character, we assign the T -weights as w(c) = 0 and w(b) = 1 [2].
There is a ghost-number u(1) symmetry generated by
J = : c(z)b(z) : ; (2.28)
under which c has charge +1 and b has charge  1. Now we can dene a twist (or boundary
conditions)
c(e2iz) = e2ic(z) ; b(e2iz) = e 2ib(z) ; (2.29)
where  2 [0; 1). This twist does not aect the OPEs, but it does aect the mode expan-
sions, namely
c(z) =
X
k2Z
ck z k+ ; b(z) =
X
`2Z
c`+z
 ` 1  : (2.30)
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The condition on the vacuum state is the same as before, so that we have
ck  j0i = b`+ j0i = 0 ; for k >  ; ` >  1   : (2.31)
Now for nonzero , in order to express J and T as a mode expansion we have to include
additional terms
J(z) = : c(z)b(z) : +

z
; T (z) = : @c(z)b(z) : +
(  1)
2z2
; (2.32)
where now the normal ordering is such that cn  and bn (1 ) with n > 0 are moved to
the right. Then the modes contributing to the twisted vacuum character for  6= 0 are
b 1  ; b 2  ; b 3  ; : : : ;
c  ; c 1  ; c 2  ;    :
(2.33)
One can now compute the super-character for a given  2 [0; 1),3
V()(a; q) = Tr
 
( 1)FaJ0qL0 = (aq; q)(a 1q1 ; q) ; (2.34)
where the rst and the second factor are generated by b(z) and @c(z) respectively. Notice
that when m = 0, or r = 1, we have to be careful to remove the zero-mode c , which in
turn removes a factor of (1  a), and we get
V()(a; q) = (1  a) ;0(aq; q)(a 1q1 ; q) : (2.35)
One can rene the index by assigning w(b) = 1 and w(c) = 0 for the c(z) to obtain
refV()(a; q; T ) = (1  a) ;0(aq; q)(a 1Tq1 ; q) : (2.36)
Now, let us compare this result with the lens space index for a free vector multiplet.
We shall turn on the avor fugacity for a single vector multiplet. In the Macdonald limit,
only the gauginos contribute to the index. Notice that the two gauginos contributing to
the index are charged oppositely under the gauge symmetry. See table 7, for example.
Therefore, the lens index in the Macdonald limit is given as4
IMacV;S3=Zr(a;m) = (1  a)[m]r;0(aq[m]r ; qr)(a 1tq[ m]r ; qr)
= (1  a);0(aqr; qr)(a 1tqr(1 ); qr) ;
(2.38)
which agrees with the (rened) character for the  = mr -twisted module we computed
above, upon the replacements
q ! q1=r ; and t ! T ; (2.39)
3For simplicity we remove all the c=24-factors and normalize such that the expansion will start as 1+    .
4Here we have introduced the notation
[x]r =

k 2 f0; : : : ; r   1g  k = x mod r	 ; (2.37)
which we use throughout the paper.
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for  6= 0. Here we notice that when  = 0, the Macdonald index is identical to the
character with a dierent parameter identication q ! q1=r and t! qT . To summarize,
IMacV;S3=Zr(a;m 6= 0; t = T; q1=r) = refV(mr )(a;T; q) (when m 6= 0) ; (2.40)
IMacV;S3=Zr(a;m = 0; t = qT; q1=r) = refV(0)(a;T; q) (when m = 0) : (2.41)
Akin to the free hypermultiplet, we nd that the map of parameters depends on whether
we turn on external background holonomies.
3 Lens space indices of Argyres-Douglas theories
In this section we outline in some detail how to compute the lens index for Argyres-Douglas
theories of type (A1; AN ) and (A1; DN ). We will use the N = 1 gauge theories that ow to
N = 2 Argyres-Douglas theories discovered in [29{33]. See also [33, 43, 44] for the study
on the three-dimensional version of the corresponding ows, and see [45] for a study on the
conditions for the SUSY enhancement.
In order to compute the index, we use the N = 1 gauge theory description of the
N = 2 xed point theory. This theory has an anomaly-free U(1) global symmetry that
can be mixed with the overall R-symmetry (or equivalently two candidate R-symmetries,
following the notation of [46])
RIR = R0 + F = 1
2
(J+ + J ) +

2
(J+   J ) : (3.1)
The superconformal R-symmetry in the infrared (equivalently the value of ) is determined
via a-maximization [47].
We will rst compute the N = 1 index and then later recast it into an N = 2 index.
The N = 1 index is dened as
IN=1(p; q; ) = Tr( 1)F pj1+j2 R2 qj2 j1 R2 F ; (3.2)
where (j1; j2) are the Cartans of the Lorentz group and R is the generator of the R-
symmetry. We omitted any other avor fugacities except for the F = 12(J+   J0), which
is the global U(1) symmetry that mixes with the R-symmetry in our setup. In the end,
we recast this into the canonical fugacities for the N = 2 superconformal eld theory. The
N = 2 index is written as
IN=2(p; q; t) = Tr( 1)F pj1+j2  r2 qj2 j1  r2 tI  r2 ; (3.3)
where I is the Cartan of SU(2)R and r is the generator of U(1)r symmetry. We can map
the N = 1 fugacities to N = 2 fugacities by taking
 !

t (pq) 
2
3

; (3.4)
where  has to be xed separately; it depends on the normalization of U(1)F inside
SU(2)R U(1)r.
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Sp(N) (J+; J ) (R0;F) RIR
q1 N (1; 0) (
1
2 ;
1
2)
6N+8
6N+9
q2 N (1; 4N   2) ( 4N 12 ; 4N+32 ) 2N+66N+9
 adj (0; 2) (1; 1) 26N+9
Mi (i = 1; : : : ; N) 1 (0; 4N + 4i+ 4) (2N + 2i+ 2; 2N   2i  2) 4N+4i+46N+9
Xi (i = 1; : : : ; N) 1 (2; 2  4i) (2  2i; 2i) 12N+18 4i6N+9
Table 1. Matter content of the N = 1 gauge theory, which ows to the (A1; A2N ) Argyres-Douglas
theory. The (J+; J ) are two candidate R-charges. The superconformal R-charge RIR = R0 + F
is given by a linear combination of the two, which is determined via a-maximization. From this we
obtain  = 6N+76N+9 . The last column denotes the superconformal R-charge at the IR xed point.
3.1 The (A1; A2N) AD theory
In order to obtain the lens index of the (A1; A2N ) Argyres-Douglas theory, we start with
N = 1 Sp(N) SQCD with an adjoint chiral multiplet , and two chiral multiplets q1; q2 in
the fundamental representation of Sp(N).5 We also have N singlets Mi, with i = 1; : : : ; N
which couple to q2, and another N singlets Xi with i = 1; : : : ; N , which acts as Lagrange
multipliers to project out Tr2i. The matter content is given in table 1. The superpotential
is given as
W = Tr(q1q1) +
NX
i=1
MiTr(q2
2N+1 2iq2) +
NX
i=1
XiTr
2i ; (3.5)
where we take the trace over the gauge indices.6
We shall now use the N = 1 lens index ingredients as specied in appendix A.2 to write
I(A1;A2N ); r =
NY
i=1
I;r

 2(N+i+1); 0;
4N + 4i+ 4
6N + 9

I;r

2i; 0;
12N + 18  4i
6N + 9

(3.6)

r 1X
m`=0
1
jWmj
I
[dz]m
Y
2[f0g
IV; r (z; [(m)]r) I; r

z 1; [(m)]r ;
2
6N + 9


Y
2Rf
I; r

z
1
2 ; [(m)]r ;
6N + 8
6N + 9

I; r

z
4N+3
2 ; [(m)]r ;
2N + 6
6N + 9

:
Here, IN=1;r (z;m;R) denotes the free N = 1, L(r; 1) lens index for a chiral multiplet of
R-charge R. The variable z is the fugacity for the global/gauge symmetry and m labels the
discrete holonomy for the corresponding symmetry. By IN=1V;r (z;m) we denote the N = 1,
L(r; 1) vector multiplet contribution, where m denotes the discrete holonomy associated
5Our convention for the symplectic group is such that Sp(1) = SU(2).
6This is a simplied version of the original N = 1 gauge theory discussed in [29{31]. Here we removed
operators that get decoupled along the RG ow and also introduced Lagrange multiplier elds Xi to take
care of the would-be decoupled operators Tr2i. In the three-dimensional version of our RG ow this term
turns out to be crucial for the supersymmetry enhancement in the IR [33, 43, 44].
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with the gauge group. By  2 [ f0g we denote the roots of G = Sp(N) including rk (G)
times the zero-root. Furthermore we have adopted the standard notation that
z =
Y
i
zii ; and (m) =
X
i
imi ; (3.7)
where i are the roots of the gauge group in some basis of the Cartan subalgebra, and
similarly for the weights  of the representation R. In this instance Rf denotes the funda-
mental representation of Sp(N). Also here and in the rest of the paper we denote by [dz]m
the Haar measure of the corresponding (broken) gauge group, given by
[dz]m =
"
rkGY
i=1
dz
2i
# Y
2[f0g
1
(1  z)[(m)]r : (3.8)
Let us also remind the reader that the sum over m` is over all the possible discrete
holonomies of G, i.e. ` 2 f1; : : : rk (G)g.
In order to write the index in canonical N = 2 fugacities, we replace
 !

t (pq) 2=3
 1
2N+3
; (3.9)
and we arrive at the N = 2 index, which we denote as IN=2(A1;A2n); r. Let us remark that
in this case there is no freedom to turn any external/avor discrete holonomies and as we
discuss briey in section 4.1, it follows that the lens index in the Macdonald limit will equal
the round index upon some rescaling of the fugacities. From the chiral algebra point of
view, the reason for that is that the OPEs for the associated minimal models do not allow
for any twisting action.
Using Mathematica we can expand the simplest cases in terms of t, where for conve-
nience we have replaced the fugacities as follows
p ! t3y ; q ! t
3
y
; t ! t
4
v
: (3.10)
For instance, in the case of the (A1; A2) theory, the L(3; 1)-lens index can be expanded as
I(A1;A2); 3(t; y; v) = 1 + v2=5t4=5 + v3=5t6=5 + v6=5t12=5 + v8=5t16=5 + v9=5t18=5
+
  1 + v3 t24=5
v3=5
+ v14=5t28=5 +
  1 + v3 t6   5pvt32=5 (3.11)
+ v3=5
  2 + v3 t36=5   v4=5t38=5 +  v + v4 t8 +O t41=5 :
We can revert back to the original (p; q; t)-variables and nd
I(A1;A2); 3(p; q; t) = 1 +

p2=5   p2=5t
 q2=5
t2=5
+
p3=5q3=5
t3=5
  pq +
 
p6=5
t6=5
  p
6=5
5
p
t
!
q6=5
+
 
p8=5
t8=5
  2p
8=5
t3=5
!
q8=5 +
 
p9=5
t9=5
  p
9=5
t4=5
!
q9=5 +
p2q2
t
+
p12=5q12=5
t12=5
+
p14=5q14=5
t14=5
+
p3q3
t3
+
p18=5q18=5
t18=5
+
p4q4
t4
+O

q21=5

: (3.12)
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SU(N) U(1)B (J+; J ) (R0;F) RIR
q N +1 (1; 2N + 1) (1 N;N) N+33N+3
~q N  1 (1; 2N + 1) (1 N;N) N+33N+3
 adj 0 (0; 2) (1; 1) 23N+3
Mi (i = 2; : : : ; N) 1 0 (0; 2N + 2i) (N + i; N   i) 2N+2i3N+3
Xi (i = 2; : : : ; N) 1 0 (2; 2  2i) (2  i; i) 6N+6 2i3N+3
Table 2. Matter contents of the N = 1 gauge theory owing to the (A1; A2N 1) theory. The
(J+; J ) are two candidate R-charges. U(1)B denotes a avor symmetry. The superconformal
R-charge is given by RIR = R0 + F where  = 3N+13N+3 .
In the Schur limit p ! 0 and t ! qr, the index is the same as that of the round sphere
index, up to rescaling q ! q1=r. We re-iterate that this reects the fact that there is
no twisted module of the chiral algebra associated to the (A1; A2N ) theory. Actually we
can make this more precise: in the integral (3.6) the leading order contribution (in p) of
the zero-point energy will arise from the sector where m` = 0. Therefore upon an overall
rescaling (such that the index starts with 1 +    ) and taking the Macdonald p ! 0 limit
only the m` = 0 sector will contribute. It is then easy to see that by taking the limit
q ! q1=r, the integrand reduces precisely to the round index integrand, and thus we will
get the same Macdonald limit independent of the parameter r. This is in agreement with
chiral algebra considerations as we shall outline in section 4.1.
3.2 The (A1; A2N 1) AD theory
To get the lens index of the (A1; A2N 1) Argyres-Douglas theory, we start with an N = 1
SU(N) gauge theory with two fundamental chiral multiplets and a number of singlets.
The matter content and the charges are summarized in table 2. The superpotential of the
theory reads
W =
NX
i=2
MiTr
 
~qN iq

+
NX
i=2
XiTr
i : (3.13)
The lens index of the N = 1 IR theory is then computed as
I(A1;A2N 1); r =
NY
i=2
I; r

 N i; 0;
2N + 2i
3N + 3


NY
i=2
I; r

i; 0;
6N + 6  6i
3N + 3


r 1X
m`=0

1
jWmj
I
[dz]m
Y
2[f0g
IV; r (z; [(m)]r) I; r

z 1; [(m)]r ;
2
3N + 3


Y
2Rf
I; r

(za) N ; [((m) +ma)]r ;
N + 3
3N + 3

: (3.14)
In the case of the (A1; A2N 1) theory, there is a U(1) avor symmetry (except for the case
of N = 2, where the avor symmetry is actually enhanced to SU(2)), and thus we introduce
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a continuous fugacity a and a discrete holonomy ma 2 f0; : : : ; r   1g for this symmetry.
We also used the standard shorthand notation
f
 
x;m  f (x;m) f(x 1; m) : (3.15)
And nally, as before, by  [ f0g we denote the roots (including zero-roots) of the gauge
group G = SU(N) and by Rf the fundamental weights of SU(N). In order to map to
N = 2 fugacities we perform the replacement,
~ !

t (pq) 2=3
 1
N+1
: (3.16)
Again using Mathematica we can compute this as a series expansion in t and then
revert back to (p; q; t)-fugacities. For the example of the (A1; A3) Argyres-Douglas theory,
the L(3; 1) lens index with (discrete) SU(2) holonomy ma = 1 is given by
7
I(A1;A3); 3(a; 1) =
pq
t
2=9
1 + a2tq +

t
a2
+ a4t2

q2 +
 
2t+ a6t3

q3
+

a2t+
t2
a4
+ a2t2 + a8t4

q4
+

t
a2
+
t2
a2
+ a4t2 + a4t3 + a10t5

q5
+

2t+ 2t2 +
t3
a6
+ a6t3 + a6t4 + a12t6

q6
+

a2t+
t2
a4
+ 3a2t2 +
t3
a4
+ a2t3 + a8t4 + a8t5

q7
+

t
a2
+
3t2
a2
+ 2a4t2 +
t3
a2
+ 2a4t3 +
t4
a8
+ a4t4 + a10t5

q8
+O  q9+ op2=9 :
(3.17)
We remove the prefactor coming purely from the zero-point energy and then we take the
p! 0 and t! 1; q ! q1=r limit to get8
I(A1;A3); 3(a; 1) ! 1 + a2q1=3 +

1
a2
+ a4

q2=3 +
 
2 + a6

q +

1
a4
+ 2a2 + a8

q4=3
+

2
a2
+ 2a4 + a10

q5=3 +

4 +
1
a6
+ 2a6 + a12

q2
+

2
a4
+ 5a2 + 2a8

q7=3 +O

q8=3

; (3.18)
which precisely agrees with the
 
1
3

-twisted character of the [su(2)  4
3
Kac-Moody algebra
as we discuss in the next section.
7In order to specify the data for the continuous avor fugacity a as well as the discrete holonomy ma,
we shall denote the (A1; A2N 1) lens index as I(A1;A2N 1); r(a;ma) in the following.
8In our \big and little O"-notation, the terms dubbed o

p2=9

vanish in that particular limit, i.e. more
generally limp!0
o(p)
p
= 0, whereas limp!0
O(p)
p
= constant, for some  2 R.
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SU(N) U(1)1 U(1)2 (J+; J ) RIR F
q1 N 1 2N   1 (1; 0) 3N 13N 12
~q1 N  1  2N + 1 (1; 0) 3N 13N 12
q2 N 1  1 (1; 2N + 2) N+13N 2N 12
~q2 N  1 1 (1; 2N + 2) N+13N 2N 12
 adj 0 0 (0; 2) 23N  1
Mi (i = 2; : : : ; N) 1 0 0 (0; 2N + 2i  2) 2N+2i 23N 1 N   i
Xi (i = 2; : : : ; N) 1 0 0 (2; 2  2i) 2  2i3N i
Table 3. Matter contents of the N = 1 gauge theory owing to the (A1; D2N ) theory. Here U(1)1
and U(1)2 denote two avor symmetries. We also write the superconformal R-charge RIR = R0+F
with  = 3N 23N .
3.3 The (A1; D2N) AD theory
To obtain the lens index for the (A1; D2N ) Argyres-Douglas theory, we start with an N = 1
SU(N) infrared theory with two chiral multiplets in the bifundamental and a single one
in the adjoint representation of SU(N). The matter content is detailed in table 3. The
superpotential is given as
W = Tr (~q1q1) +
NX
i=2
MiTr
 
~q2
N iq2

+
NX
i=2
XiTr
i : (3.19)
Now, the lens index can be computed as
I(A1;D2N ); r =
NY
i=2
I; r

 N i+1; 0;
2N + 2i  2
3N
 NY
i=2
I; r

i; 0; 2  2i
3N


r 1X
m`=0
(
1
jWmj
I
[dz]m
Y
2[f0g
IV; r (z; [(m)]r) I; r

z 1; [(m)]r ;
2
3N


Y
2Rf

I; r
 
za1a
 1
2


2N 1
2 ;
h


(m) +m(1)a  m(2)a
i
r
;
N + 1
3N

 I; r
 
za1a
2n 1
2


1
2 ;
h


(m) +m(1)a + (2n  1)m(2)a
i
r
;
3N   1
3N
)
;
(3.20)
where we have used the same notation as introduced previously. The theory has a U(1)1
U(1)2 symmetry and thus we have introduced corresponding continuous fugacities ai and
discrete avor holonomies m
(i)
a , for i = 1; 2. In the infrared, the avor symmetry is enhanced
to SU(2)  U(1), for N > 2 and to SU(3), for N = 2. In order to write it as a canonical
N = 2 index, we perform the redenition
 !

t (pq) 2=3
 1
N
: (3.21)
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In this paper, we pay particular attention to the case of the (A1; D4) Argyres-Douglas
theory, where the associated two-dimensional chiral algebra is given by the [su(3)  3
2
ane
Kac-Moody algebra. This is thus far the only available N = 2 SCFT with SU(3) avor
symmetry of which we can compute the lens space index. This theory provides a non-trivial
test case for our conjecture.
3.3.1 The (A1; D4) AD theory
The (A1; D4) Argyres-Douglas theory has SU(3) as an enhanced avor symmetry. In order
to observe this enhancement in the index, we perform the following replacements of the
U(1)1 U(1)2 avor fugacities
a1 ! a3=42 ; a2 ! a1=21 a1=42 ; (3.22)
and discrete holonomies m
(i)
a
m(1)a !
3
4
m(2)a ; m
(2)
a !
1
2
m(1)a +
1
4
m(2)a : (3.23)
Notice that given the integrand in (3.20), the new avor holonomies only make sense if their
dierence is an even number, due to taking the whole expression modulo r. As we shall
see further below, matching the corresponding twisting of characters of [su(3)  3
2
to choices
of m
(i)
a seems somewhat arbitrary because of precisely the above redenition of m
(i)
a .
Now we can compute the lens index of the (A1; D4) theory for a variety of examples.
For instance in the case of the L(3; 1) lens index with a choice of (m
(1)
a ;m
(2)
a ) = (3; 1), we
can expand the index as9
IMac(A1;D4); 3 ((a1; 3); (a2; 1))
= 1 +

1
a12a2
+ a1a2
2 +
a1
a2

tq
+

t

a1
2a2 +
1
a1a22
+
a2
a1

+ t2

1
a14a22
+ a1
2a2
4 +
a1
2
a22

q2
+

3t+ t2

a1
3a2
3 +
1
a13a23
+ a1
3 +
1
a13
+ a2
3 +
1
a23

+t3

1
a16a23
+ a1
3a2
6 +
a1
3
a23

q3
+

t

1
a12a2
+ a1a2
2 +
a1
a2

+ t2

a1
4a2
2 +
1
a12a24
+
a2
2
a12
+
2
a12a2
+ 2a1a2
2 +
2a1
a2

+t3

1
a15a24
+
1
a15a2
+ a1
4a2
5 +
a1
4
a2
+ a1a2
5 +
a1
a24

+t4

1
a18a24
+ a1
4a2
8 +
a1
4
a24

q4
9As before, in order to specify the data for the continuous avor fugacities ai as well as the discrete
holonomies m
(i)
a , we shall denote the (A1; D2N ) lens index as I(A1;D2N ); r((a1;m
(1)
a ); (a2;m
(2)
a )) in the fol-
lowing.
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Sp(N) SO(3) (J+; J ) RIR F
q1 2N 3 (1; 0)
6N+2
6N+3
1
2
q2 2N 1 (1; 4N) 2N+26N+3 4N+12
 adj 1 (0; 2) 26N+3  1
Mi (i = 1; : : : ; N) 1 1 (0; 4N + 4i)
4N+4i
6N+3  2N   2i
Xi (i = 1; : : : ; N) 1 1 (2; 2  4i) 12N+6 4i6N+3 2i
Table 4. Matter content of the N = 1 gauge theory owing to the (A1; D2N+1) theory. The
superconformal R-charge is given by RIR = R0 + F in terms of the IR data, with  determined via
a-maximization. By doing so, we obtain  = 6N+16N+3 . The last column denotes the superconformal
R-charge at the IR xed point.
+

t

a1
2a2 +
1
a1a22
+
a2
a1

+ t2

1
a14a22
+ a1
2a2
4 +
a1
2
a22
+ 3a1
2a2 +
3
a1a22
+
3a2
a1

+t3

a1
5a2
4 + a1
5a2+
1
a14a25
+
2
a14a22
+
a2
a14
+ 2a1
2a2
4+
2a1
2
a22
+
1
a1a25
+
a2
4
a1

+t4

1
a17a25
+
1
a17a22
+ a1
5a2
7 +
a1
5
a22
+ a1
2a2
7 +
a1
2
a25

+t5

1
a110a25
+ a1
5a2
10 +
a1
5
a25

q5 +O(q6) ; (3.24)
where again we have removed the prefactor coming from the zero-point energy prior to
taking the p ! 0 limit. In the t ! 1 limit, this precisely matches the  13 ; 13-twisted
character of [su(3)  3
2
for some given vacuum. For the convenience of the reader, and
since it is one of the prominent checks of our conjecture relating the lens index to twisted
characters, we shall provide several examples of the lens index of the (A1; D4) theory in
section 4.3.3.
3.4 The (A1; D2N+1) AD theory
The (A1; D2N+1) Argyres-Douglas theory can be obtained by the renormalization group
ow from an N = 1 theory with Sp(N) gauge group, with matter given by two chiral
multiplets in the fundamental and another chiral multiplet in the adjoint representation
of Sp(N). On top of this, we add a number of singlets. The matter content is given as in
table 4. Furthermore, the superpotential reads
W = Trq1q1 +
NX
i=1
MiTrq2
2N+1 2iq2 +
NX
i=1
XiTr
2i : (3.25)
Notice that we remove all the would-be Coulomb branch operators Tr2i from the chiral
ring. In the IR, the Mi's become the operators parametrizing the N = 2 Coulomb branch
moduli space.
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Now, the lens index is computed as
I(A1;D2N+1); r(fai;m(i)a g) =
NY
i=1
I; r

 2N 2i; 0;
4N + 4i
6N + 3

I; r

2i; 0;
12N + 6  4i
6N + 3


r 1X
m`=0
(
1
jWmj
I
[dz]m
Y
2[f0g
IV; r (z; [(m)]r) I; r

z 1; [(m)]r ;
2
6N + 3


Y
2Rf
I; r
"Y
2V

za
1
2 ; [(m) + (ma)]r ;
6N + 2
6N + 3
#
I; r

z
4N+1
2 ; [(m)]r ;
2N + 2
6N + 3
)
: (3.26)
Here  2 V denotes the product over all weights of the vector representation of SO(3),
which is the avor symmetry group of the (A1; D2N+1) theory. In order to arrive at the
N = 2 lens index of the Argyres-Douglas theory, we make the replacement
 !

t (pq)2=3
 1
2N+1
: (3.27)
Again we can compute the index as an expansion in the fugacities (p; q; t). For matching
with twisted characters of the associated chiral algebra, we are mainly interested in the
case (A1; D3) (which is equivalent to (A1; A3)). For computational reasons however, we
focus on the computation of the (A1; A3) lens index. Nevertheless theories with N  2 are
interesting since the protected chiral algebra is given by the Kac-Moody algebras [su(2)k
with ane level k =   4N2N+1 . We have checked some cases of the (A1; D5) lens index, and
matched it to twisted characters of the corresponding chiral algebra. Even though we shall
not explicitly explore them more in this paper, let us provide an example of the lens index
of (A1; D5); namely we take
r = 3 ; and (m(1)a ;m
(2)
a ) = (1; 2) : (3.28)
Upon removing the zero-point energy, and taking the Macdonald limit (p ! 0), we nd
the following index
IMac(A1;D5);3
 
(a; 1); (a 1; 2)

=
 
1 + t+ t2 +    + 1
a2
 
t+ t2 +     q
+ a2 (t+    ) q2 + (2t+    )q3 +O  q4 : (3.29)
It turns out that it is computationally extremely labor intensive to go to higher order
than this, but we already see a pattern emerging; in particular we see that if we x a
certain vacuum in which J00 jvaci 6= 0 this is precisely the form a twisted rened character
is expected to have. The fact that we have to pick a particular vacuum is not particularly
surprising, as we shall see in the following.
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4 Twisted chiral algebras for Argyres-Douglas theories
In this section we shall rst describe in some detail the twisted versions of the chiral algebras
associated to some Argyres-Douglas theories and then explicitly compare them to limits
of the lens index of the corresponding four-dimensional superconformal eld theories, as
computed in the previous section.
4.1 The (A1; A2N) theory and its twisted chiral algebra
The chiral algebra corresponding to the (A1; A2N ) Argyres-Douglas theory is given by the
(2; 2N + 3) Virasoro minimal model. In this case we do not have any freedom of introducing
twisted boundary conditions. The only eld in the chiral algebra is the stress-energy tensor,
which cannot have any twisting action, without modifying its OPE. Similarly we have seen
that in the lens index there was no way to include any nontrivial discrete holonomies,
because there is no global avor symmetry.
Given these reasons, we expect that after stripping o the overall leading order
 pq
t

-
prefactor (for some  2 Q), taking the p! 0 limit, and then rescaling q ! q1=r, we end up
with the usual untwisted vacuum character of the Virasoro minimal models from the lens
space index. One can explicitly check this in a variety of examples. For instance, taking
the p ! 0 limit in (3.12), we end up precisely with the usual round Schur index/Minimal
model vacuum character of the (2; 5) Virasoro minimal model.
It might look like a somewhat trivial check, but it is worth pointing out that prior
to taking the p ! 0 limit, the lens index is vastly dierent from the round index for the
(A1; A2N ) Argyres-Douglas theories.
4.2 The (A1; D2N+1) theory and its twisted chiral algebra
In the case of the (A1; D2N+1) Argyres-Douglas theories, the dual chiral algebra is given
by the Kac-Moody algebras [su(2)k of level
k =   4N
2N + 1
: (4.1)
In this section we shall rst explicitly describe the possible twistings of [su(2)k. Subse-
quently, we shall explicitly compare the twisted characters of such twisted ane algebras
to the lens index of the (A1; D3)  (A1; A3) Argyres-Douglas theory.
4.2.1 The twisted \su(2)k chiral algebra
The [su(2)k ane Kac-Moody algebra can be written in terms of three currents Ja ; a =
1; 2; 3 satisfying the following OPEs
Ja (z) Jb (z)  kab
(z   w)2 +
X
c
iabc
Jc(w)
z   w +    : (4.2)
In order to obtain raising/lowering operators, we dene
J1 =
1p
2
 
J+ + J 

; J2 =   ip
2
 
J+   J  ; J0 = J3 ; (4.3)
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such that we have the following system of OPEs
J0 (z) J (w)   J
(w)
(z   w) +    ; (4.4)
J+ (z) J  (w)  k
(z   w)2 +
2J0(w)
(z   w) +    ; (4.5)
J0 (z) J0 (w)  k
2 (z   w)2 +    : (4.6)
Now let us introduce twisted boundary conditions for the elds as follows
J0 (z) ! J0(e2iz) = J0 (z) ; (4.7)
J (z) ! J(e2iz) = e2iJ (z) : (4.8)
It is easy to see that such a twisting action with arbitrary  2 [0; 1) leaves the above OPEs
invariant. The mode expansions consistent with the twisting action are then
J0 (z) =
X
k2Z
J0kz
 k 1 ; (4.9)
J+ (z) =
X
k2Z
J+k z
 k 1+ ; (4.10)
J  (z) =
X
k2Z
J k+z
 k 1  : (4.11)
It is now a simple exercise to check that the modes satisfy the following commutation
relations 
J0m; J

n

= Jm+n ; (4.12)
J+m ; J
 
n+

= 2J0m+n + k (m  ) m+n;0 ; (4.13)
J0m; J
0
n

=
km
2
m+n;0 : (4.14)
The energy-momentum tensor
T (z) =
X
n2Z
Lnz
 n 2 ; (4.15)
can be given in terms of the ane current generators via the Sugawara construction. Being
careful of keeping track of the zero-modes as well as the factors of , we nd for L0
L0 =
1
k + 2
 X
m2Z>0
2J0 mJ
0
m +
 
J+ m J
 
m+ + J
 
 m+J
+
m 

+J00J
0
0 + J
+
 J
 
 + (1  2) J00   (1  2+ h0)h0
!
; (4.16)
where h0 labels the \vacuum", i.e. in the vacuum representation
J00 jh0i = h0 jh0i ; J jh0i = 0 ;   0 : (4.17)
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Given L0, the commutation relations read
L0; J
+
 ` 

=
`+ 
2
J+ `  ; (4.18)
L0; J
 
 `+

=
`  
2
J  `+ : (4.19)
It is now straightforward to write down the twisted character for this theory as an expansion
by counting states and keeping track of null vectors.
4.2.2 Twisted character from the lens index
Let us now explicitly compare the twisted rened character of [su(2)  4
3
with the Macdon-
ald limit of the lens index I(A1;A3); r of the (A1; D3) = (A1; A3) Argyres-Douglas theory,
computed in the previous sections 3.2 and 3.4.
Let us write down the denition of rened character [2] for the ane Lie algebra bgk
algebra. The denition for the current case almost goes through as in section 2.1.1, except
that we need to take into account the relation between the Virasoro generators Ln and
the current generators J in. This is due to the fact that we would like to assign the same
T -weights for the Ln and Jn, w(L) = w(J) = 1, but there is a non-linear Sugawara relation
between L's and J 's. Therefore, we consider the ltration V0  V1  V2  : : :,10 where
Vk = span
n
X
(i1)
 1   X
(im)
 m j
i : i1 +   + im  k
o.
fnull states & relationsg ; (4.20)
with X(i) 2 fJ i; Lg. Then we construct the associated graded vector space Vgr =
L
i Vi =L
i(Vi=Vi 1). As before, each Vi can be further decomposed into the eigenspaces of L0 as
Vi =
L
h V
(h)
i , so that we dene the rened character as
refV (q; T ) =
X
i0
X
h
(V
(i)
h )q
hT i ; (4.21)
where (V
(i)
h ) denotes the (nite) g-character.
11
The rened character for the twisted module can be computed by rst enumerating
the states in the Verma module generated by negative modes of J+; J  and J0, and then
removing the null states and their descendants. The rened character for the Verma module
can be easily computed (see also section 3 of [2]) to give
refV()Verma
(a; q; T ) = PE

1
1  q

qT + q1 Ta2 + qTa 2

+
qT
1  q  
qT 2
1  q

q;T;a
=
1Y
n=0
(1  qn+2T 2)
(1  qn+1T )(1  q1 +nTa2)(1  q+nTa 2)(1  qn+2T ) ;
(4.22)
where we have removed the overall shift that comes from c=24 or h0. The plethystic
exponential is dened as
PE [f (fxig)]fxig = exp
 1X
n=1
f (fxni g)
n
!
: (4.23)
10There is no half-integral T -weight generators in this chiral algebra.
11We removed ( 1)F since we do not have any fermionic generators in this chiral algebra.
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The rst term in the PE comes from the twisted [su(2) generators, and the last two terms
come from the Virasoro generators L n and the Sugawara relation of the form Ln P
m J
a
n mJam. The [su(2) and the Virasoro generators contribute more or less independently
in the rened character, up to the relation among them given by the Sugawara construction.
This relation is responsible for the negative sign of the last term of (4.22) inside the
plethystic exponential. Let us notice some dierences here as compared to the untwisted
vacuum module. One thing to notice here is that the last two terms inside the PE of (4.22)
start at order q instead of order q2, dier from the untwisted case. In the case of untwisted
vacuum module, the L 1 j0i state is null. But for the twisted module, L 1 j0i state is not
null in general. And we also have a Sugawara relation even at the level 1 of the form
L 1  J  J+1  with  > 0. When there is no null state in the twisted module V()h0 with
the highest-weight h0, this is the rened character for the non-degenerate module. Here,
we nd that there are null states for the [su(2)  4
3
-module if we choose h0 appropriately.
Moreover, we claim that it is identical to (the Macdonald limit of) the lens index of the
(A1; D3) Argyres-Douglas theory upon a suitable map of parameters.
Let us rst summarize the map and then discuss a number of examples in detail. In
order to match with the character, we rst strip o the factor
I(0)r;  =
pq
t
 rk(1 )
4
; (4.24)
from the lens index as before. Now, the twisting parameter of the chiral algebra is given
in terms of the discrete holonomy as
 =
[2m]r
r
: (4.25)
We then take the p! 0 Macdonald limit12
IMac(q; t) = lim
p!0
h
I(p; q; t)=I(0)(p; q; t)
i
; (4.26)
rescale q ! q1=r, and nally either put t ! qT , if [2m]r = 0, or t ! T , otherwise. The
former limit will always lead to the round index in the \Schur" limit (t! q) and thus we
shall name it the round limit. Together we get the following identication
refV()h0
(a; q; T ) =
8<:I
Mac
(A1;A3);r
(a;m 6= 0; q ! q1=r; t! T ) ; ( 6= 0)
IMac(A1;A3);r(a;m = 0; q ! q1=r; t! qT ) ; ( = 0)
(4.27)
where V()h0
denotes the -twisted [su(2)  4
3
character for a shifted \vacuum"
j0i ! jh0i =
2  13

: (4.28)
When we take T ! 1, we recover the twisted character of the corresponding module. We
demonstrate this correspondence in detail for a few cases now.
12Recall that I(0)(p; q; t) is the zero-point energy of the (A1; A3) Argyres-Douglas theory. In particular
it is precisely given by I(0)r;  in equation (4.24) upon identication of  as given in (4.25).
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Lens index for L(4; 1). Let us consider the lens index for r = 4 and with the external
discrete holonomy m = 1. The Macdonald limit of the index (after removing the zero point
piece) takes the form
IMac(A1;D3); r=4(a;m = 1) = 1 + q2

t
a2
+ a2t

+ q4

2t+
t2
a4
+ a4t2

+ q6

t
a2
+ a2t+
t2
a2
+ a2t2 +
t3
a6
+ a6t3

+ q8

a8t4 +
t4
a8
+ a4t3 +
t3
a4
+ a4t2 +
t2
a4
+ 2t2 + 2t

+ q10

3a2t2 +
3t2
a2
+ a2t+
t
a2

+O  q12 :
(4.29)
On the other hand, the rened character for the Verma module for  = 12 is given as
refV(1=2)Verma
= 1 + q1=2

a2 +
1
a2

T + q

2T +

a4 +
1
a4

T 2

+ q3=2

a2 +
1
a2

T +

2a2 +
2
a2

T 2 +

1
a6
+ a6

T 3

+ q2

2T +

a4 +
1
a4
+ 4

T 2 +

2a4 +
2
a4

T 3 +

a8 +
1
a8

T 4

+O(q5=2) :
(4.30)
Now, it turns out that taking the t ! T limit and rescaling q ! q1=4, this precisely
matches with the (; 1  ) =  24 ; 24-twisted rened character of [su(2)  43 with vacuumh0 = 0 : (4.31)
The rst null states of the twisted chiral algebra appear at order q3=2T 2, given by
2
9
J+  3
2
  2
3
J+  1
2
J0 1 + J
+
  1
2
J+  1
2
J   1
2

j0i ; (4.32)
as well as the state with J+ $ J . Notice that the third term contributes with T 2 instead
of T 3. This is because of the Sugawara relation L 1  J+  1
2
J   1
2
, which allows us to write
J+  1
2
J+  1
2
J   1
2
j0i  J+  1
2
L 1 j0i 2 V2  V3 ; (4.33)
where Vk is dened as in (4.20). Hence, the state given in (4.32) lives in V2  V2=V1, and
contributes with T 2 before its removal by the denition of the rened character (4.21).
a2 +
1
a2

q3=2T 2 (4.34)
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from the rened character. At the order q2, we nd two null states with su(2) weight
J0 = 0 and a null state with weight J0 = 1 each. Therefore, we remove
q2

2T 2 + a2T 3 +
T 3
a2

(4.35)
from the rened character upon counting the T -weights. We nd that the rened character
indeed agrees with the lens space index.
Next let us discuss the case with r = 4 and m = 2. The lens index after the appropriate
limit is given by
IMac(A1;D3); 4(a; 2) = 1 +

1 +
1
a2
+ a2

+

2 +
1
a2
+ a2

q4 +

2 +
1
a2
+ a2

q8 +   

t
+

1 +
1
a4
+
1
a2
+ a2 + a4

+

2 +
1
a4
+
2
a2
+ 2a2 + a4

q4
+

5 +
2
a4
+
4
a2
+ 4a2 + 2a4

q8 +   

t2
+

1 +
1
a6
+
1
a4
+
1
a2
+ a2 + a4 + a6

+

2 +
1
a6
+
2
a4
+
2
a2
+ 2a2 + 2a4 + a6

q4 +   

t3
+ O  t4 : (4.36)
Taking the round limit, i.e. rescaling q ! q1=4 and then taking t ! qT gives back the
round index/usual vacuum character of the chiral algebra. This works with our analysis
as  = [2m]rr = 0 and thus we precisely expect this to happen.
Lens index for L(5; 1). Next let us discuss a couple of examples for the case with r = 5.
First we take m = 1 and take the Macdonald limit to nd
IMac(A1;D3); r=5(a; 1) = 1 +
q2t
a2
+ a2q3t+
q4t2
a4
+ 2q5t+ q6

a4t2 +
t3
a6

+
q7
 
t+ t2

a2
+ q8

a2t+ a2t2 +
t4
a8

+ q9

t2
a4
+
t3
a4
+ a6t3

+O  q10 :
(4.37)
Taking the t ! 1 limit, this precisely matches the  25 ; 35-twisted character of [su(2)  43 , if
we take the highest weight/vacuum condition
jh0i =
  115

: (4.38)
By picking this vacuum we precisely obtain the correct nullvectors. In this example they
rst appear at order q7=5 with contribution
q7=5
a2
: (4.39)
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We can go to high order in q and compare that the other nullstates appearing with this
vacuum precisely make the character match to the correct limit of the lens index.
Let us provide a second example with r = 5, but now we take m = 2. After taking the
above limit, we nd
IMac(A1;D3); r=5(a; 2) = 1 + a2qt+ a4q2t2 + a6q3t3 + q4

t
a2
+ a8t4

+ q5
 
2t+ a10t5

+ q6
 
a2t+ a2t2 + a12t6

+ q7
 
a4t2 + a4t3 + a14t7

+ q8

t2
a4
+ a6t3 + a6t4 + a16t8

+ q9

t
a2
+
t2
a2

+O  q10 :
(4.40)
Taking t ! 1 and rescaling q ! q1=5, this precisely matches the  15 ; 45-twisted character
of \su (2)  4
3
if we take the vacuum
jh0i =
 15

: (4.41)
Again we can check that this leads to the correct nullstates to match with the lens index.
Also let us mention that at order q9 there is the term a18(qt)9 missing. This is simply
because of the cuto in our expansion when we calculate the lens index.
Lens index for L(6; 1). Finally let us write down one case with r = 6; we shall pick
m = 1. After taking the appropriate limit we get the following result
IMac(A1;D3); r=6(a; 1) = 1 +
q2
a2
+

1
a4
+ a2

q4 +

1
a6
+ 2

q6 +

1
a8
+ a4 +
2
a2

q8
+

1
a10
+
2
a4
+ 2a2

q10 +O  q11 : (4.42)
Taking the t ! 1 and q ! q1=6 limits, we nd precise agreement with the  26 ; 46-twisted
character of \su (2)  4
3
, if we take the following vacuum
jh0i =
 19

: (4.43)
General structure. In table 5 we explicitly list the identication of the lens index with
the twisted character for cases of \small" r. Among other examples, we have checked those
cases as an expansion in q to a very high order and were to identify the correct null vectors
to reproduce the lens index.
Let us make a comment for the general (A1; D2N+1) case, where the chiral algebra is
given by [su(2)  4N
2N+1
. As we have seen in (3.29), the general form of the lens index does not
always admit a well-dened \Schur limit", but rather one has to work with the Macdonald
limit. We especially note that there are states of the weight q0. From the chiral algebra
perspective, it is possible to obtain these terms by imposing J00 jvaci 6= 0. As we will
see shortly in section 4.3, the seemingly unusual condition on the vacuum (more properly
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L(p; 1) (m1;m2) limit (1; 2)-twisted character vacuum: jh0i
L(3; 1) (1; 2) t! 1  23 ; 13 19
(2; 1) t! 1  13 ; 23  19
L(4; 1) (1; 3) t! 1  24 ; 24 j0i
(2; 2) round (0; 0) j0i
(3; 1) t! 1  24 ; 24 j0i
L(5; 1) (1; 4) t! 1  25 ; 35   115
(2; 3) t! 1  45 ; 15 15
(3; 2) t! 1  15 ; 45  15
(4; 1) t! 1  35 ; 25  115
L(6; 1) (1; 5) t! 1  26 ; 46  19
(2; 4) t! 1  46 ; 26 19
(3; 3) round (0; 0) j0i
(4; 2) t! 1  26 ; 46  19
(5; 1) t! 1  46 ; 26 19
Table 5. We list here examples of the lens index of the (A1; D3) Argyres-Douglas theory for a
few value of r and their precise identication with the twisted chiral algebra of [su(2)  43 . The rst
two columns list the lens index data. We then identify the correct limit in the third column, which
allows one to precisely match to a twisted character with (; 1   ) | as specied in the fourth
column | and the vacuum/highest-weight prescription given in the rightmost column.
highest-weight state) gives rise to a highly non-trivial match between the (Macdonald limit
of the) lens index and the (rened) character of the corresponding module. It would be
interesting to nd such a condition for general N > 1, akin to the N = 1 case. We leave
this for future work.
4.3 The (A1; D4) theory and its twisted chiral algebra
In this section, we will focus on the (A1; D4) Argyres-Douglas theory, for which the pro-
tected chiral algebra is given by the ane Kac-Moody algebra [su(3)  3
2
. We shall now
extend this to the case with non-trivial twisting.13
4.3.1 The twisted \su(3) 3
2
chiral algebra
Let us now introduce the twisted [su(3)  3
2
chiral algebra. We proceed as before by rst
introducing a twisting action that is consistent with the OPEs of the (untwisted) chiral
algebra and then compute the (rened) character for the twisted module.
13As it is clear which avor symmetry we are talking about here, we shall remove the subscript for the
discrete holonomies, and simply write m  ma in the following.
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We shall rst introduce the standard generators for the [su(3)k Kac-Moody algebra
normalized such that
K

Ja; Jb

= Trfund

JaJb

= ab : (4.44)
The OPEs corresponding to the standard basis of the [su(3)k algebra read
Ja (z) Jb (w) =
kab
(z   w)2 +
fabcJ
c (w)
(z   w) ; (4.45)
where a; b 2 f1; : : : ; 8g are the generators and fabc are the usual structure constants of
SU(3). We shall put this into a more convenient form by dening
H1 =
1
2

J8p
3
+ J3

; H2 =
1
2

J8p
3
  J3

; H3 =   J
8
p
3
;
E1; =
1
2
 
J6  iJ7 ; E2; = 1
2
 
J4  iJ5 ; E3; = 1
2
 
J1  iJ2 : (4.46)
Of course by doing so, we have introduced a spurious Cartan generator and we shall account
for that in the following. The OPEs then read
H i (z)Ej; (w)  mijE
j; (w)
z   w ; mij =
0B@ 0 1  1 1 0 1
1  1 0
1CA ; (4.47)
as well as
H i (z)Hj (w) 
bAijk
3(z   w)2 ; (4.48)
where bAij is the (ane) Cartan matrix of [su(3)k and nally
Ej;+ (z)Ej;  (w)  k
(z   w)2 +
j; H
z   w ; (4.49)
Ei; (z)Ej; (w)  ijk E
k;
z   w ; (4.50)
where we have denoted by j;k H = k
 
Ej;

Hk, where k
 
Ej;

denotes the kth root
of the corresponding generators.
Now let us proceed to introduce the twisting action relevant for comparing with the
lens index. From the OPEs it is clear that we are only allowed the following twist
Hj (z) ! Hj  e2iz = Hj (z) ;
Ej; (z) ! Ej;  e2iz = e2ijEj; (z) ; (4.51)
where 3 =  1   2 mod Z. As usual we shall choose i 2 [0; 1) and therefore 3 is
uniquely xed. Thus our twisted index is dened by two constants 1;2 2 [0; 1).
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As before we can now introduce mode expansions for the twisted elds
Ej; (z) =
X
m2Z
Ej;mjz
 m 1j ; (4.52)
and we can compute the commutation relations of the modes from the OPEs above to obtain
H im; H
j
n

=
mk
3
A^ijm+n;0 ; (4.53)h
H im; E
j;
nj
i
= mijE
j;
m+nj ; (4.54)h
Ei;mi ; E
j;
nj
i
= ijkEk;m+nk ; (4.55)h
Ei;mi ; E
i;
ni
i
= km+n (m i) + i;k H ; (4.56)
where we have adopted the notation used for the OPEs in (4.47){(4.50). With this we can
read o the twisted characters by counting states and taking into account possible null
states along the way.
Now depending on the chosen twisting, we dene the (twisted) vacuum of the [su(3)k
chiral algebra by the following data
vac =  h10; h20; h30 ; e;k0 E :
8>>>>><>>>>>:
Ei; jvaci = 0 ;  > 0; i = 1; 2; 3 ;
H i jvaci = 0 ;  > 0; i = 1; 2; 3 ;
H i0jvaci = hi0jvaci ; i = 1; 2; 3 ;
Ei0;0 jvaci = ei0;0 jvaci ; i i0 = 0; i0 2 f1; 2; 3g ;
(4.57)
where hi0; e
i0;
0 2 R. Note especially the fourth condition we impose on the \vacuum";
this seemingly unusual condition is imposed if and only if one (and only one) of the twist
parameters i become zero. We shall discuss it further in some detail below.
4.3.2 Comparison with the lens index
We shall now compare the twisted character of [su(3)  3
2
against the lens index of the
(A1; D4) Argyres-Douglas theory computed in section 3.3.1. Let us rst state the general
result and then go over a few examples.
We start by removing the following prefactor from the lens index
I(0)r; (1;2;3) =
pq
t
A(r;1;2;3)
2
; (4.58)
where
A (r;1; 2; 3) = [r1  r2]r
r
+
[r1  r3]r
r
+
[r2  r3]r
r
: (4.59)
The Macdonald index is then obtained as before via14
IMac(q; t) = lim
p!0
h
I(p; q; t)=I(0)(p; q; t)
i
: (4.60)
14Recall that I(0)(p; q; t) is the zero-point energy of the (A1; D4) Argyres-Douglas theory. In particular
it is precisely given by I(0)r;  in equation (4.58) upon identication of (1; 2) as given in (4.62).
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We obtain the general relation
refV(1;2)jvaci
(a; q; T ) =
8<:I
Mac
(A1;D4);r
(a;mi 6= 0; q ! q1=r; t! T ) ; (1; 2) 6= (0; 0) ;
IMac(A1;D4);r(a;mi = 0; q ! q1=r; t! qT ) ; (1; 2) = (0; 0) :
(4.61)
Notice that the identication of the lens index with the character depends on the choice of
the twisting parameters i or the discrete holonomies mi as in the other cases.
The precise identication of the lens index with the twisted character involves a few
more identications of parameters. Firstly, matching the discrete holonomies (m1;m2) of
the lens index to the twisting parameters is slightly nontrivial, as we redene the natural
fugacities in the computation of the lens index of (A1; D4) Argyres-Douglas theories (see
equations (3.22) and (3.23)). Studying various examples, we nd that
1 =
[m1 + 2m2]r
r
; 2 =
[ 2m1  m2]r
r
; 3 =
[m1  m2]r
r
; (4.62)
gives the correct identication of the twisting parameters in terms of the discrete holonomies
of the (A1; D4) Argyres-Douglas lens index.
Secondly, we need to impose conditions on the \vacuum" state (or more precisely the
highest-weight state). The vacuum conditions appearing in (4.57) are shifted to
h10 =
1
2
(3   2) ; h20 =
1
2
(1   3) ; h30 =
1
2
(2   1) ; (4.63)
and, if one of the twisting parameters vanishes, we have a further \vacuum" condition
given by
ej;+0 e
j; 
0 =  12 ; if j  0 and i 6= 0 ; 8i 6= j : (4.64)
We have checked these rules in a large amount of examples, and nd precise agreement to
rather high order in q- and (q; t)-expansions.
Let us make some remarks on the ordinary character limit T ! 1 of the rened
character. There are the same two limits as in the [su(2)k case, but there is also a limit,
which we dubbed mixed, where taking t ! 1 does not in fact lead to a twisted character.
In this case one is forced to use the rened character, since there is no proper unrened
limit we can take. This mixed limit appears as soon as one and only one of the twisting
parameter i vanishes. Together we nd the following identication
V(1;2)jvaci
(q) =
8><>:
lim
t!1
IMac(A1;D4);r(a;m 6= 0; q ! q1=r; t) ; i 6= 0 ; 8i = 1; 2; 3 ;
lim
t!q I
Mac
(A1;D4);r
(a;m = 0; q ! q1=r; t) ; i = 0 ; 8i = 1; 2; 3 ;
(4.65)
with the ordinary characters. If there is exactly one i0 2 f1; 2; 3g with i0 = 0, we do
not get any identication with the \unrened" character but we are still able to precisely
match with the rened character.15
15Notice that when two of the i's are zero, it becomes untwisted since
P3
i=1 i = 0.
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4.3.3 Examples of the lens index for the (A1; D4) theory
Let us discuss some examples of the lens index of the (A1; D4) Argyres-Douglas theory.
We shall elaborate in some detail how to identify the lens index (in the limits discussed
above) with the appropriately twisted characters of [su(3)  3
2
.16
Lens index for L(4; 1) with (m1;m2) = (1; 3). Let us start with an example for
r = 4. We pick (m1;m2) = (1; 3), and nd after taking the appropriate limit
IMac(A1;D4); 4 ((a1; 1); (a2; 3))
= 1 + qt

1
a12a2
+ a1a2
2

+ q2

a1
a2
+
a2
a1

t+

1
a14a22
+ a1
2a2
4

t2

+ q3

1
a1a22
+ a1
2a2

t+

1
a13
+ a2
3

t2 +

1
a16a23
+ a1
3a2
6

t3

+ q4

3t+

1
a13a23
+
a1
2
a22
+
a2
2
a12
+ a1
3a2
3

t2 +

1
a15a2
+ a1a2
5

t3
+

1
a18a24
+ a1
4a2
8

t4

+ q5

1
a12a2
+ a1a2
2

t+

a1
3 +
1
a23
+
2
a12a2
+ 2a1a2
2

t2
+

1
a15a24
+
a2
a14
+
a2
4
a1
+ a1
4a2
5

t3

+O  q6 :
(4.66)
Let us rst compute the rened character for the (1; 2)-twisted Verma module. As in the
case of (4.30), this can easily be computed by enumerating generators and relations inside
the plethystic exponential. This gives
refV(1;2)Verma
= PE
"
T
1  q
 
2q +
3X
i=1

qizi + q1 iz i
!
+
qT
1  q  
qT 2
1  q
#
q;T;z
; (4.67)
where we have used a short-hand notation z Qj zjj . The rst term inside the parenthe-
sis comes from the [su(3) generators and the last two comes from the Virasoro generator and
the Sugawara relation. The rened character for the ( 34 ;
3
4)-twisted Verma module reads
ref
V(
3
4 ;
3
4 )
Verma
= 1 + q
1
4T

1
a21a2
+ a1a
2
2

+ q
1
2

a1
a2
+
a2
a1

T +

a21a
4
2 +
a2
a1
+
1
a41a
2
2

T 2

+ q
3
4
"
1
a1a22
+ a21a2

T +

a32 + a
2
1a2 +
1
a31
+
1
a1a22

T 2
+

a31a
6
2 + a
3
2 +
1
a31
+
1
a61a
3
2

T 3
#
+O(q1) :
(4.68)
16As it is clear which avor symmetry we are talking about here, we shall remove the subscript for the
discrete holonomies, and simply write mi  m(i)a in the following.
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We see that the lens space index agrees with the twisted character for the Verma module
upon q ! q1=4 and t ! T up to some extra terms. These extra terms are removed by
choosing the vacuum state to be h10; h20; h30 ; e;k0 E =  18 ; 18 ; 0

;?

; (4.69)
where h30 =  h10   h20. For example, we obtain a null state at level 12 given as
E1;+  1
4
E2;+  1
4
  1
2
E3;   1
2

jvaci ; (4.70)
which removes the term
q
1
2T 2a2
a1
(4.71)
from the character.17 We get four null states at level 34 given by
 3
2
E2;+  1
4
E3;   1
2
+ E1;+  1
4
E2;+  1
4
E2;+  1
4

jvaci ;

 1
2
E1;+  1
4
E3;   1
2
+ E1;+  1
4
E1;+  1
4
E2;+  1
4

jvaci
E2;+  1
4
E3;+  1
2
  1
2
E1;   3
4

jvaci ;

E1;+  1
4
E3;+  1
2
+
1
2
E2;   3
4

jvaci : (4.73)
These null states remove
q
3
4T 3a32 ;
q
3
4T 3
a31
; q
3
4T 2a21a2 ; and
q
3
4T 2
a1a22
; (4.74)
respectively from the Verma module character. In the T ! 1 limit, we recover the  34 ; 34-
twisted (ordinary) character of [su(3)  3
2
with highest weight/vacuum prescription given
in (4.69).
Lens index for L(4; 1) with (m1;m2) = (1; 1). As a second example let us discuss
a case where one has to look at the mixed limit of the lens index, in order to match it to a
rened character. We still keep r = 4, and pick (m1;m2) = (1; 1). The corresponding lens
index in the Macdonald limit is then given by
IMac(A1;D4); 4 ((a1; 1); (a2; 1)) (4.75)
= 1 +

a1
a2
+
a2
a1
+ 1

t+

a1
2
a22
+
a2
2
a12
+
a1
a2
+
a2
a1
+ 1

t2 +   
+
 
a1
2a2 + a1a2
2

t+
 
a1
3 + a1
2a2 + a1a2
2 + a2
3

t2 +     q
+
 
a1
4a2
2 + a1
3a2
3 + a1
2a2
4

t2 +     q2
17In our convention, the root vectors are chosen so that the charges for the generators are given as
E1;+ ! 1
a21a2
; E2;+ ! a1a22 ; E3;+ ! a1
a2
: (4.72)
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+

1
a12a2
+
1
a1a22

t+

1
a13
+
1
a12a2
+
1
a1a22
+
1
a23

t2 +   

q3
+

a1
a2
+
a2
a1
+ 3

t+

a1
2
a22
+
a2
2
a12
+
3a1
a2
+
3a2
a1
+ 3

t2 +   

q4
+
 
a1
2a2 + a1a2
2

t+
 
2a1
3 + 4a1
2a2 + 4a1a2
2 + 2a2
3

t2 +     q5
+O  q6 : (4.76)
Since the q0-order goes as an innite series in t, the t ! 1 limit is not well-dened. In
particular the states that appear at this order are \supposed" to appear only at order q4
(or rather q1 after rescaling q ! q1=4). So the structure of these states is reminiscent of
the lens indices where the round limit is the appropriate limit one should take to compare
to the chiral algebra. Therefore we have called this case mixed. As none of the strict limits
give a character, we have to resort to the rened version of the character.
Either way, after rescaling q ! q1=4, we can carefully analyse the spectrum. We nd
that the above index precisely reproduces the rened
 
3
4 ;
1
4 ; 0

-twisted character of [su(3)  3
2
,
with vacuum given by h10; h20; h30 ; e;k0 E =  18 ; 38 ; 14

; e+;30 e
 ;3
0 =  
1
2

: (4.77)
The rst nullstates we can observe in this case have contributions at order q2=4t (they are
part of a null space which give also contributions at order q5=4t2). In particular the rst
contribution is precisely given by  
a2a
2
1 + a
2
2a1

q1=4t2 : (4.78)
At higher order in q, but second order in t we further nd the following contributions of
null states 
1
a1a22
+
1
a21a2

q3=4t2 ;
2
a2
a1
+ 2
a1
a2
+ 3

qt2 ;
2
 
a2a
2
1 + a
2
2a1

q5=4t2 ; etc: :
(4.79)
We can explicitly check that these null vectors are precisely necessary to match the
 
3
4 ;
1
4 ; 0

-
twisted character with highest weight/vacuum in equation (4.77) with the lens index.
Lens index for L(5; 1). Let us present one case with r = 5. We shall pick (m1;m2) =
(3; 3). After taking the Macdonald limit, we nd the following lens index
IMac(A1;D4); 5 ((a1; 3); (a2; 3))
= 1 +

a1
a2
+
a2
a1
+ 1

t+

a1
2
a22
+
a2
2
a12
+
a1
a2
+
a2
a1
+ 1

t2
+
 
a1
2a2 + a1a2
2

t+
 
a1
3 + a1
2a2 + a1a2
2 + a2
3

t2 +     q
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+
 
a1
4a2
2 + a1
3a2
3 + a1
2a2
4

t2 +     q2
+

1
a12a2
+
1
a1a22

t+

1
a13
+
1
a12a2
+
1
a1a22
+
1
a23

t2 +   

q4
+

t

a1
a2
+
a2
a1
+ 3

+ t2

a1
2
a22
+
a2
2
a12
+
3a1
a2
+
3a2
a1
+ 3

+   

q5
+O  q6 : (4.80)
As in the previous example we have to look at the rened character in order to match it
with the lens index. Again, after rescaling q ! q1=5, we nd that the above index precisely
reproduces the rened
 
4
5 ;
1
5 ; 0

-twisted character of [su(3)  3
2
, with the vacuum h10; h20; h30 ; e;k0 E =   110 ; 25 ;  310

; e+;30 e
 ;3
0 =  
1
2

: (4.81)
In this case we nd the following low order null state contributions 
a2a
2
1 + a
2
2a1

q1=5t2 ;
1
a1a22
+
1
a21a2

q4=5t2 ; etc: :
(4.82)
Lens index for L(6; 1). Let us close this section by detailing a case with r = 6, and
(m1;m2) = (2; 0). After taking the appropriate limit, the lens index reads
IMac(A1;D4); 6 ((a1; 2); (a2; 0))
= 1 +

1
a1a22
+
a2
a1
+ a21a2

q2t
+

1
a21a2
+
a1
a2
+ a1a
2
2

t+

1
a21a
4
2
+
a22
a21
+ a41a
2
2

t2

q4
+

3t+

1
a31
+ a31 +
1
a32
+
1
a31a
3
2
+ a32 + a
3
1a
3
2

t2

q6 +O  q8 :
(4.83)
After taking the limit q ! q1=6, and t! T , this precisely matches with the  26 ; 26 ; 26-twisted
rened character of [su(3)  3
2
, given the following vacuum h10; h20; h30 ; e;k0 E = j(0; 0; 0) ;?i : (4.84)
It reproduces the ordinary character in the limit T ! 1 as expected.
Matching for more general cases. Finally in table 6 we write down the explicit match-
ing of a large class of examples of (1; 2)-twisted characters of [su(3)  3
2
, with the appro-
priate limits of the (A1; D4) Argyres-Douglas lens indices, IMac(A1;D4); r(aj ;mj).
5 Discussion
In this paper we introduce a new \observable" in the dictionary between (a protected
sector of) four-dimensional N = 2 superconformal eld theories and two-dimensional chiral
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L(p; 1) (m1;m2) Limit (1; 2; 3) Vacuum:
  h10; h20; h30 ; e;k0 i
L(3,1) (2; 2) ; (3; 3) round (0; 0; 0)
 (0; 0; 0) ;?i
(1; 3) ; (0; 2) ; (4; 0) t! 1  13 ; 13 ; 13 (0; 0; 0);?i
(0; 4) ; (2; 0) ; (3; 1) t! 1  23 ; 23 ; 23  (0; 0; 0) ;?i
L(4,1) (3; 1) t! 1  14 ; 14 ; 24   18 ; 18 ; 0 ;?i
(1; 3) t! 1  34 ; 34 ; 24    18 ; 18 ; 0 ;?i
(1; 1) mixed
 
3
4 ;
1
4 ; 0
    18 ; 38 ; 14 ; e+;30 e ;30 =  12i
(3; 3) mixed
 
1
4 ;
3
4 ; 0
    38 ; 18 ; 14 ; e+;30 e ;30 =  12i
(2; 0) ; (2; 4) mixed
 
2
4 ; 0;
2
4
   1
4 ; 0;
1
4

; e+;20 e
 ;2
0 =  12i
(2; 2) mixed
 
2
4 ;
2
4 ; 0
    14 ; 14 ; 0 ; e+;10 e ;10 =  12i
(4; 2) mixed
 
0; 24 ;
2
4
   0; 14 ; 14 ; e+;20 e ;20 =  12i
L(5,1) (2; 0) t! 1  25 ; 15 ; 25    110 ; 0;  110 ;?i
(4; 0) t! 1  45 ; 25 ; 45   15 ; 0; 15 ;?i
(6; 0) t! 1  15 ; 35 ; 15    15 ; 0; 15 ;?i
(8; 0) t! 1  35 ; 45 ; 35     110 ; 0; 110 ;?i
(10; 0) round (0; 0; 0)
 (0; 0; 0) ;?i
(1; 3) mixed
 
2
5 ; 0;
3
5
    3
10 ;  110 ; 15

; e2;+0 e
2; 
0 =  12i
(3; 1) mixed
 
0; 35 ;
2
5
     110 ; 15 ; 310 ; e1;+0 e1; 0 =  12i
(1; 1) mixed
 
3
5 ;
2
5 ; 0
    15 ; 310 ;  110 ; e3;+0 e3; 0 =  12i
(2; 4) mixed
 
0; 25 ;
3
5
    1
10 ;  310 ;  110

; e1;+0 e
1; 
0 =  12i
(4; 2) mixed
 
3
5 ; 0;
2
5
   1
5 ;
1
10 ;  310

; e2;+0 e
2; 
0 =  12i
(4; 4) mixed
 
2
5 ;
3
5 ; 0
     310 ; 15 ; 110 ; e3;+0 e3; 0 =  12i
(2; 2) mixed
 
1
5 ;
4
5 ; 0
    25 ; 110 ; 310 ; e3;+0 e3; 0 =  12i
(3; 3) mixed
 
4
5 ;
1
5 ; 0
     110 ; 25 ;  310 ; e3;+0 e3; 0 =  12i
L(6,1) (2; 0) ; (4; 2) t! 1  26 ; 26 ; 26  (0; 0; 0) ;?i
(4; 0) ; (2; 4) t! 1  46 ; 46 ; 46  (0; 0; 0) ;?i
(3; 1) ; (5; 3) ; (1; 5) t! 1  56 ; 56 ; 26   14 ; 14 ; 0 ;?i
(1; 3) t! 1  16 ; 16 ; 46   14 ; 14 ; 0 ;?i
Table 6. We list here examples of the lens index of the (A1; D4) Argyres-Douglas theory for a few
value of r, and their precise identication with the twisted chiral algebra of [su(3)  32 . The rst two
columns list the lens index data. We then specify the correct limit in the third column, which allows
one to precisely match to a twisted character with (1; 2; 3) | as given in the fourth column |
and the vacuum/highest-weight prescription in the nal column.
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algebras. On the four-dimensional side, the observable is given by the lens index (in
a particular limit) and on the two-dimensional side it corresponds to the character of
a certain twisted module of the chiral algebra (or more properly the generalized vertex
operator algebra).18 We have demonstrated this by working out the precise dictionary for
the cases of four-dimensional N = 2 free theories as well as Argyres-Douglas theories with
protected sector corresponding to Virasoro minimal models, [su(2)  4
3
and [su(3)  3
2
ane
Kac-Moody algebras.
This is strongly suggestive that a similar correspondence between lens indices and
twisted characters should hold for general four-dimensional N = 2 superconformal eld
theories. However, we have observed in this paper that the precise identication is actually
rather nontrivial; as discussed in the examples of [su(2)  4
3
and [su(3)  3
2
Kac-Moody algebras,
the identication of the (well-dened) lens index with a two-dimensional twisted character
requires the precise denition of the correct null states. It turns out that this requires us
to impose a particular set of conditions on the vacuum/highest-weight state. For generic
four-dimensional superconformal eld theories, and their corresponding two-dimensional
chiral algebras, the structure of the required vacuum conditions is not evident thus far.
We further observed that there are in general three dierent types of limits, of which
only two (the t! 1 and t! q limit) give the precise two dimensional twisted characters.
The third limit (essentially the Macdonald limit), which we called the \mixed limit", only
gives an identication with the rened (twisted) character, as introduced for the (untwisted)
vacuum characters of Kac-Moody algebras in [2]. We have further seen that the rened
character correctly reproduces the Macdonald limit of the (lens) index away from any
choice of limit. This further supports the claim that the notion of the rened character
is well-dened more generally. It would be desirable to have an explicit derivation of
the connection between the lens index and the twisted chiral algebra (or VOA). It would
especially be interesting to have a top-down approach for identifying the choice of vacuum
state. This problem may be related to nding a purely four-dimensional interpretation of
the ltration [19, 20] used to dene the rened character in the current paper.
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A Denition and review of the lens index
In this appendix, we carefully dene the N = 2 superconformal lens index [21] (see also [49{
51]). At the end of the appendix we also write down the ingredients to calculate the N = 1
lens index, since we use them in the main text.
A.1 N = 2 lens index
The (round) superconformal index is dened as follows19
I = TrH ( 1)F

t
pq
r
pj12qj34tR
Y
i
afii e
 2 _  ; (A.1)
where
2 _  = f ~Q2 _ ; ~Qy2 _ g = E   2j2   2R+ r : (A.2)
We have used the usual denitions, i.e. j1; j2 are the Cartan generators of the SU(2)1 
SU(2)2  SO(4) isometry of R4, j12 = j2   j1 and j34 = j1 + j2 correspond to rotations of
the two planes C12  C34 = R4, and R; r are the Cartan generators of the superconformal
R-symmetry group SU(2)R  U(1)r. Finally the trace is taken over the Hilbert space of
states on S1  S3 for the round superconformal index.
In the case of the lens index we modify the above denition to only allow for the trace
over states in the Hilbert space of S1S3=Zr. Here the orbifold acts on the Hopf ber via
Zr  U(1)1  SU(2)1  SU(2)2  SO(4). The precise denition then reads
Ir = TrHr ( 1)F

t
pq
r
pj12qj34tR
Y
i
afii e
 2 _  : (A.3)
Let us rst focus on the free bifundamental hypermultiplet (i.e. in a bifundamental
representation of SU(N) SU(N)). Without the lens action, this is simply given by
IH = PE
" p
t+ pqp
t
(1  p)(1  q)(a+ a
 1)
 
NX
i=1
xi
! 
NX
i=1
yi
!#
=
NY
i;j=1
 
p
t(axiyj)
; p; q

; (A.4)
where xi; yi are SU(N) avor fugacity, and a is a U(1) avor fugacity, and PE stands for
the plethystic exponential dened as
PE [f (fxig)] = exp
 1X
n=1
f (fxni g)
n
!
: (A.5)
We further used a short-hand notation where repeated signs implies the product of each
combination, for instance  (az; p; q)   (az; p; q) (az 1; p; q), and the elliptic Gamma
function is dened as
 (z; p; q) =
Y
m;n0
1  z 1pm+1qn+1
1  zpmqn : (A.6)
19We adopt the notation used in [1].
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Letters E j1 j2 R r I
 1 0 0 0 -1 pqt
1
3
2 12 0 12  12  p,  q
2 _+
3
2 0
1
2
1
2
1
2  t
F _+ _+ 2 0 1 0 0 pq
@  _+
1
+ + @+ _+
1  = 0
5
2 0
1
2
1
2  12 pq
Q 1 0 0 12 0
p
t
 _+
3
2 0
1
2 0  12   pqpt
@ _+ 1 12 12 0 0 p, q
Table 7. Here the contributions to the index by the single letter operators are listed. The rst
section refers to the vector multiplet

; ; I; I _; F ; F _ _

(including an equation of motion
constraint) and the second to a half-hypermultiplet
 
Q; Q; ;  

. Finally in the last section refers
to the spacetime derivatives.
Now let us turn to the lens index. The single letters contributing to the hypermultiplet
index are of the form  
@ _+
k
Q ;
 
@ _+
`  _+ ; with k; ` 2 N : (A.7)
We denote by j1 the momentum around the Hopf ber of S
3 (we shall denote this curve 
in the following). The orbifold now acts on the Hopf ber by a rotation of 2=r. Hence to
obtain the lens index we require states to survive this projection and thus we only include
states with j1 = 0 mod r. Let us for now forget about the SU(N)  SU(N) symmetries
and only focus on the U(1) avor symmetry. We can then introduce the fugacity as above
and consider states (more generally) which transform by a nontrivial phase e
2im
r 2 U(1),
with m 2 f0; : : : ; r   1g, by going around . In other words we are turning on non-trivial
holonomy for this avor symmetry group around the non-contractible cycle . Thus now
the states/operators O contributing to the index are supposed to satisfy the condition
j1 (O) = m mod r : (A.8)
This argument can of course can be extended to any global (or gauge) symmetry. In
particular if we have some symmetry G (global or gauge | see below), we also have to
specify holonomy conditions for the fugacities around the cycle . In particular we have
continuous fugacities around the temporal S1 cycle and discrete fugacities around the
nontrivial Hopf cycle . In other words, we have to specify commuting group elements
;  2 G such that
r = 1 ; [; ] = 0 : (A.9)
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Up to conjugation  is then a discrete element which can be chosen to be in the maximal
torus of G
 
n
e2imi=r
orkG
i=1
; (A.10)
where we have expanded  in terms of the generators of the maximal torus of G.
In the case of the bifundamental free hypermultiplet with SU(N)SU(N)U(1), one
can turn on dierent discrete fugacities for all three components. Hence in order to dene
the lens index we have to specify mi; emj ; n 2 f0; : : : ; N   1g, with Pimi = Pi emi = 0
mod r, along with the usual continuous fugacities which are also present in the round
sphere case. The discrete data tells us what kinds of projection conditions the elds have
to satisfy under the orbifold action, i.e. by going around  the elds will have to come
back to their original value up to the holonomy specied by mi; emi and n. Thus for each
component of the elds, by expanding in terms of Cartan generators, we require that the
ith component satises the condition j1 = mi mod r and j1 = emi mod r for the two
SU(N) parts, and similarly for the U(1) part.20
Now let us briey discuss which operators precisely contribute to this index. To begin
with, we shall set (mi+ emj) = 0 mod r for the corresponding components of the generator
of the Cartan of su(N)su(N)u(1). In that case we can more or less treat this as a U(1),
and we have no non-trivial holonomy around  (see above). In the round case, a particle
X^ with given charges j12(X^); j34(X^); R(X^) and r(X^) contributes as follows to the index
X
1X
i;j=0
piqj = X
1X
k=0
(pq)k
( 1X
`=0

p` + q`

  1
)
=
X
1  pq

1
1  q +
p
1  p

; (A.11)
where
X = pj12(X^) r(X^)qj34(X^) r(X^)tr(X^)+R(X^) : (A.12)
Now the orbifold only acts on j1, and thus in order to satisfy the condition j1 = 0 mod r
we require that only operators of the form 
@+ _+
k1  @  _+k2 X^ ; with k1   k2 + j1(X^) = 0 mod r (A.13)
contribute to the index. The j1(X^) part is an overall shift and can be factored out into
the X-part, and so we obtain for the single letter the following expression
X
1X
i;j=0
(i j)2rZ
piqj = X
1X
k=0
(pq)k
( 1X
`=0

p`r + q`r

  1
)
=
X
1  pq

1
1  qr +
pr
1  pr

:
(A.14)
Now let us add some nontrivial holonomy around  in the Cartan of SU(N) SU(N). We
shall x a single Abelian sector and add now the prescription
j1 =   (mi + fmj + n)| {z }
m
mod r : (A.15)
20If we want to gauge this symmetry we of course have to sum over all the possible such discrete
holonomies, in the same way one has to sum over twisted sectors in a usual orbifold theory.
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Exactly as above, this means that now that (k1   k2) 2 rZ + m and (k2   k1) 2 rZ  m
and thus our sum is restricted to terms like that. Consequently we obtain
X
1X
k=0
(pq)k
( 1X
`=0
p`r+[m]r +
1X
`=1
q`r [m]r
)
=
X
1  pq
 
q[m]r
1  qr +
pr [m]r
1  pr
!
: (A.16)
Here we have introduced the notation
[x]r =

k 2 f0; : : : ; r   1g  k = x mod r	 ; (A.17)
which we use throughout the paper. Let us emphasize that we have only looked at a single
U(1) Cartan sector of the full symmetry group SU(N)SU(N) and we will have to include
all discrete fugacities mi + emj + n as well as continuous fugacities such as a, xi and yj .
As an example, let us write down the lens index for a N = 2 free hypermultiplet in a
bifundamental representation of SU(N) SU(N)
IH = I(0)H PE
"
NX
i;j=1
s=1
1
1  pq
 
p[s(mi+emj+n)]r
1  pr +
qr [s(mi+emj+n)]r
1  qr
!p
t  pqp
t

(axiyj)
s

= I(0)H
NY
i;j=1
s=1
 
p
tp[s(mi+emj+n)]r (axiyj)s ; pq; pr
 
p
tqr [s(mi+emj+n)]r (axiyj)s ; pq; qr : (A.18)
Finally I(0)H corresponds to an overall factor arising from the Casimir energy of the theory
on S1  S3=Zr. It is given by
I(0)H =
pq
t
 1
4fPi;j;s[s(mi+emj)]r  1r [s(mi+emj)]2rg
: (A.19)
This factor plays an important role by giving certain selection rules for states in the inter-
mediate channels in the Macdonald limit (p! 0), see for instance [49]. It is also the most
crucial piece in the Coulomb branch limit (p; q; t! 0; pqt = u) of the lens index [16, 52].
Now let us turn our attention to the free vector multiplet. The arguments work very
similar as for the free hypermultiplet. The single letter for a free vector of the round
superconformal index is given by
iV; S3 =
1
1  pq

1
1  q +
p
1  p
hpq
t
  p  q + pq + pq   t
i
(A.20)
By the same rule as before we nd for the lens index
iV; S3=Zr =
1
1  pq
 
q[m]r
1  qr +
pr [m]r
1  pr
!hpq
t
+ pq   t  1
i
+ [m]r;0 : (A.21)
Here we have to be slightly more careful, since 1 has nonzero j1 charges and come with
an equation of motion constraint. For [m]r 6= 0 the only contribution to the index can
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come from
 
@  _+
1
+

and
 
@+ _+
1 

, which have zero j1 charge. However they are related to
one another by an equation of motion, whose part we have to subtract, thus the full single
letter contribution is
( p)
X
i;j0
i j+12rZ+m
piqj + ( q)
X
i;j0
i j 12rZ+m
piqj + pq
X
i;j0
i j2rZ+m
piqj
=
 1
1  pq
 
q[m]r
1  qr +
pr [m]r
1  pr
!
: (A.22)
The same initial formula holds for [m]r = 0 however in evaluating one has to be a bit more
careful, i.e.
( p)
X
i;j0
i j+12rZ
piqj + ( q)
X
i;j0
i j 12rZ
piqj + pq
X
i;j0
i j2rZ
piqj
= 1  1
1  pq

1
1  qr +
pr
1  pr

: (A.23)
Thus as an example, we explicitly nd for the free vector multiplet of a gauge theory
G = SU(N)
IV;m = I(0)V PE
"X
i 6=j
 
1
1  pq
 
q[mij ]r
1  qr +
pr [mij ]r
1  pr
!pq
t
+ pq   t  1

+ [mij ]r;0
!
ai
aj
#
= I(0)V

(pr; pr)1 (pr; pr)1
  (t; pq; pr)   (tqr; pq; qr)
N 1 Y
i 6=j
mi=mj
(1  zi=zj) 1

Y
i 6=j
s=0;1
 

tsp[mi mj ]rzi=zj ; pq; pr

 

tsqr [mi mj ]rzi=zj ; pq; qr

; (A.24)
where mij = mi  mj , and the zero-point contribution I(0)V comes again from the Casimir
energy and is given by
I(0)V =
pq
t
  1
2(
PN
i;j=1[mij ]r  1r [mij ]2r)
: (A.25)
Gauging operation in the lens index. Let us mention the operation corresponding to
\gauging" a avor symmetry. We start with some initial theory Tin with global symmetry
group Gf , and we want to gauge a subset of the avor symmetry group G  Gf . The lens
index of the theory after gauging is schematically given by the following operation
r 1X
m`=0
1
jWmj
I
[dz]m IGV;m ITin ((z;m);    ) ; (A.26)
where ITin ((a;ma)    ) denotes the index of the initial theory Tin, which is ungauged, IGV;m
is a vector multiplet in the adjoint representation of G, and by (a;ma) we denote the
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totality of fugacities and discrete holonomies associated to the subgroup G  Gf . The
sum is taken over all possible discrete holonomies fm`grk(G)`=1 . Furthermore jWmj is the
cardinality of the Weyl group of the subgroup Gm of G preserved after the introduction of
the discrete holonomies m (remember that they generically break the associated group).
Finally by [dz]m we denote the Haar measure of the preserved subgroup Gm  G, more
precisely
[dz]m =
"
rkGY
i=1
dzi
2i
# Y
2[f0g
1
(1  z)[(m)]r ; (A.27)
where [f0g denotes all the roots (including the number rk (G) of zero-roots) of G. This
might look divergent, however the factors coming from the zero roots are cancelled by the
vector multiplets that are gauged.
Macdonald limit. Let us briey mention the appropriate Macdonald limit of the single
letter indices. The Macdonald limit for the round index is dened by taking the p ! 0
limit. Similarly for the lens index the single letter indices simplify as follows
iH;S3=Zr !

m;0 +
qr m
1  qr
p
t ; (A.28)
iV; S3=Zr !  
qm (t+ 1)
1  qr + m;0 : (A.29)
It is clear right away that these formulas precisely agree for the ones of the round sphere
index if m = 0 and r = 1.
Generally, the naive Macdonald limit p! 0 of the index vanishes due to the zero point
energy contribution. However in order to end up with twisted modules for chiral algebras,
we exclusively take the limit, after having removed the overall zero point energy piece.
A.2 N = 1 lens index
We use the formulas of the N = 1 lens index in the main text and thus we briey write
down the appropriate ingredients here. The counting of states works the same way as
reviewed above for the N = 2 lens index and so we shall not review the derivation of the
N = 1 lens index here (for details see [21, 51]). For the chiral multiplet we obtain
I; r (m;u;R) = I(0); r (m;u;R)  

(pq)
R
2 qr mu; qr; pq

 

(pq)
R
2 pmu; pr; pq

;
(A.30)
where
I(0); r (m;u;R) =

(pq)
1 R
2 u 1
m(r m)
2r

p
q
m(r m)(r 2m)
12r
(A.31)
is the zero-point contribution, and R is the R-charge of the chiral multiplet. As an example
let us write down the lens index of a free N = 1 hypermultiplet of R-charge R in a
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bifundamental representation of SU(N) SU(N)
I; r; bif
 
(u;m); (w; n); (a; o)

=
NY
i;j=1
Y
s=1
I(0); r ([s(mi + nj + o)]r; (uiwja)s; R)
 

(pq)R=2 qr [s(mi+nj+o)]r(uiwja)s; qr; pq

 

(pq)R=2 p[s(mi+nj+o)]r(uiwja)
s; pr; pq

:
(A.32)
Here u;w are the fugacities corresponding to the SU(N) avor symmetry and m;n are the
corresponding (discrete) holonomies, i.e. mi; nj 2 f0; : : : ; r   1g for 1  i; j  N   1, and
mN =  
PN 1
i=1 mi as well as nN =  
PN 1
i=1 ni. Similarly a corresponds to the fugacity of
the U(1) avor symmetry and o 2 f0; : : : ; r   1g its discrete holonomy.
Similarly for the lens index for a free N = 1 vector multiplet we obtain
IV;r (u;m) =
I(0)V; r (u;m)
(1  u 1)m;0  (qmu 1; qr; pq)   (pr mu 1; pr; pq) ; (A.33)
where
I(0)V; r (u;m) =

(pq)1=2u 1
 m(r m)2r q
p
m(r m)(r 2m)
12r
: (A.34)
For instance for a free N = 1 SU(N) vector multiplet we have
IV;r (a;m) =
Y
i<j
I(0)V; r

ai
aj
; [mi  mj ]r

(1  ai=aj)m;0 

q[mi mj ]r ajai ; q
r; pq

 

pr [mi mj ]r ajai ; p
r; pq

 I
(0)
V; r (aj=ai; [mj  mi]r)
(1  aj=ai)m;0 

q[mj mi]r aiaj ; q
r; pq

 

pr [mj mi]r aiaj ; p
r; pq
 :
(A.35)
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